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Abstract

We study the dynamic traction and the slip velocity evolution within the cohesive zone during the propagation of a dynamic

rupture using rate- and state-dependent constitutive laws. We solve the elastodynamic equation for a 2-D in-plane crack using a

finite difference algorithm. We show that rate and state constitutive laws allow a quantitative description of the dynamic rupture

growth. We confirm the findings of previous studies that slip weakening (SW) is a characteristic behavior of rate and state

friction. Our simulations show that the state variable evolution controls the slip acceleration and the slip-weakening behavior.

These modeling results help in understanding the physical interpretation of the breakdown process and the weakening

mechanisms. We compare the time histories of slip velocity, state variable and total dynamic traction to investigate the temporal

evolution of slip acceleration and stress drop during the breakdown time. Because the adopted analytical expression for the state

variable evolution controls the slip velocity time histories, we test different evolution laws to investigate slip duration and the

healing mechanisms. We show that the classic slowness or slip laws do not yield fast restrengthening or self-healing, although

they appropriately describe rupture initiation, propagation and the long-term restrengthening during the interseismic period.

Self-healing rupture mode, yielding to short slip durations, has been obtained for homogeneous faults by modifying the

evolution law introducing a fast restrengthening of dynamic traction immediately after the weakening phase. In this study, we

discuss how the direct effect of friction and the friction behavior at high slip rates affect the weakening and healing mechanisms.
D 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The modeling of earthquake nucleation and the

subsequent dynamic propagation requires using a fault

constitutive law that controls the traction evolution and

the slip acceleration and allows the absorption of a
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finite fracture energy at the crack tip. One of the most

widely used constitutive equations is the slip weaken-

ing (SW) law, which consists in assuming that friction

(i.e., total dynamic traction) is a function of slip only

(Barenblatt, 1959; Ida, 1972; Palmer and Rice, 1973;

Andrews, 1976a,b; Ohnaka and Yamashita, 1989). It

involves a finite fracture energy and prescribes the

traction evolution within the cohesive zone (see Cocco

and Bizzarri, 2002, and references therein). The adop-

tion of a SW law is useful to calculate synthetic ground
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motions with dynamic models (see Aochi and

Fukuyama, 2002). An alternative constitutive formu-

lation, represented by the rate- and state-dependent

(R&S) laws, considers that friction depends on slip

velocity and state variable (Dieterich, 1979, 1986,

1992, 1994; Ruina, 1980, 1983; Scholz, 2002; Marone,

1998 and references therein). This class of constitutive

relations includes an evolution law for the state variable

that involves a friction dependence on time. These two

constitutive formulations are alternative only for the

description of the nucleation process (see Dieterich,

1992; Ohnaka and Shen, 1999), but they provide a very

similar description of the dynamic crack propagation

(see Okubo, 1989; Bizzarri et al., 2001). In the follow-

ing of the paper, we refer to the cohesive zone (or

breakdown zone) as the zone of shear stress degrada-

tion near the tip of a propagating dynamic rupture front.

The breakdown processes are those phenomena occur-

ring within the cohesive zone responsible for the
Fig. 1. (a) Spatio-temporal evolution of slip for a 2-D in-plane crack obeyin

with the grey scale. The black lines depict the cohesive zone where the tot

kinetic friction (sf
eq). The box inserted in panel (a) depicts a zoom of the c

cohesive zone. Phase diagram (i.e., traction vs. slip rate) (b) and traction b

fault point x1 = 3.0 m. We indicate different stages of the dynamic rupture

panels. Initial and constitutive parameters used for these calculations are
fracture energy absorption and the slip acceleration.

We emphasize that rate and state constitutive laws

allow a quantitative description of the dynamic rupture

growth, as shown for instance by Bizzarri et al. (2001).

In this paper, we aim to study the dynamic traction

and the slip velocity evolution within the cohesive

zone (see Fig. 1) using a R&S constitutive law to

understand the physical processes controlling the

weakening and the healing mechanisms (i.e., the slip

duration during the dynamic rupture propagation). We

start noting that the SW behavior is the result of the

dynamic failure process: In order to have a finite

stress release the total dynamic traction drops when

slip increases, which results in the commonly used

slip-weakening behavior. This process occurs at the

crack tip in a finite extended zone named the cohesive

zone (Ida, 1972; Andrews, 1976a,b; Ohnaka, 1996).

Therefore, slip weakening must occur within the

cohesive zone, but this behavior is the result of the
g to a slowness constitutive law (Eq. (1)). Slip amplitudes are shown

al dynamic traction drops from the maximum yield stress (su
eq) to the

ohesive zone: Tc is the duration and Xc is the spatial extension of the

ehavior versus slip (c) are shown for the propagating rupture at the

with roman numbers (I – IV) as well as with letters (A–E) in both

listed in Table 1; s0 is the initial stress.



M. Cocco et al. / Tectonophysics 378 (2004) 241–262 243
physical processes controlling the breakdown zone.

Therefore, the intriguing question is what controls the

traction evolution and the weakening mechanisms that

allow the slip to accelerate and to heal. It is well

known from the literature that slip-weakening is a

characteristic feature of rate and state constitutive laws

(Okubo and Dieterich, 1984; Guatteri et al., 2001;

Bizzarri et al., 2001). Okubo (1989) and Cocco and

Bizzarri (2002) have demonstrated that the critical slip

weakening distance (D0) is different from the param-

eter L of the R&S formulation. Bizzarri and Cocco

(2003) have discussed the relation between these two

length-scale parameters both analytically and numer-

ically and they have proposed a scaling law relating

D0 and L. They also emphasized an intrinsic limita-

tion, which is characteristic of R&S models, to

prescribe ‘‘a priori’’ the traction evolution within the

cohesive zone, which depends on ‘‘unknown’’ slip

velocity values associated with particular stages of the

breakdown process.

In the present study, we will use rate- and state-

dependent constitutive laws to model the temporal

evolution of slip velocity and dynamic traction during

the propagation of a 2-D in-plane crack. The goal is to

understand the frictional control of slip weakening

behavior and rupture healing. In the literature many

different studies have discussed numerical simula-

tions of dynamic slip on homogeneous faults showing

either crack-like rupture mode or self-healing pulse

propagation (Cochard and Madariaga, 1994, 1996;

Perrin et al., 1995; Beeler and Tullis, 1996; Zheng

and Rice, 1998). The healing of slip, leading to short

slip durations or self-healing pulse propagation mode,

has been related either to stress and/or strength

(frictional) heterogeneity (see for instance Beroza

and Mikumo, 1996; Bizzarri et al., 2001). Self-heal-

ing ruptures have also been shown to appear in

rupture propagation between dissimilar materials

(Weertman, 1980; Andrews and Ben-Zion, 1997;

Cochard and Rice, 2000). In this study, we focus on

the rupture propagation along homogeneous faults. In

such a homogeneous configuration, healing mecha-

nism and self-healing pulses are related to the friction

law (Perrin et al., 1995; Cochard and Madariaga,

1996; Beeler and Tullis, 1996; Zheng and Rice,

1998). We review and discuss previous modeling

results and interpret the physical mechanisms control-

ling the breakdown process and the slip acceleration
in the framework of a rate and state constitutive

formulation.
2. Methodology

In this study, we solve the elastodynamic equation

for a 2-D in-plane shear crack for which the displace-

ment and the shear traction depend on time and on

only one spatial coordinate. We assume that the crack

propagates only in the x1-direction. The medium is

supposed to be infinite, homogeneous and elastic

everywhere except along the fracture line. We solve

the equation of motion by using a finite difference

(FD) approach described in Andrews (1973) and

Andrews and Ben-Zion (1997). Bizzarri et al. (2001)

describe the details of the numerical solution. We can

use in our procedure either R&S laws with slowness

(ageing) evolution equation (Dieterich, 1986):

s ¼ l* � aln
V*
V

þ 1

� �
þ bln

UV*
L

þ 1

� �� �
reff
n

d

dt
U ¼ 1� UV

L

ð1Þ

or with slip evolution equation (Beeler et al., 1994),

s ¼ l* þ aln
V

V*

� �
þ bln

HV*
L

� �� �
reff
n

dH
dt

¼ � HV

L
ln

HV

L

� � : ð2Þ

We can also use a slip weakening law as introduced

by Andrews (1976a,b):

s ¼
su � ðsu � sf Þ

u

D0

u < D0

sf uzD0

8<
: ð3Þ

In Eqs. (1) and (2), V is the slip velocity, U and H
are the state variables, l* and V* are arbitrary refer-

ence values for the friction coefficient and for the slip

velocity, respectively; a, b and L are the three consti-

tutive parameters. In general, in this formulation the

state variable has the physical meaning of an average

contact time of asperities between the sliding surfaces

(Dieterich, 1986; Ruina, 1983). The first equation in

Eqs. (1) and (2) is usually named in the literature the
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governing equation, while the second is called the

evolution equation. The evolution law in Eq. (1) is the

slowness law (Ruina, 1983; Beeler et al., 1994; Roy

and Marone, 1996), and it includes true ageing, while

the one in Eq. (2) is usually named the slip law. In this

work we only consider a velocity weakening regime

(that is, b>a). In Eq. (3), su is the upper yield stress, sf
is the final kinetic friction level, u is the slip and D0 is

the characteristic slip-weakening distance.

The characteristic length scale parameters of these

two constitutive formulations are the slip weakening

distance D0 and the parameter L: the former represents

the slip required for traction to drop, the latter is the

characteristic length for the renewal of a population of

contacts along the sliding surface and controls the

evolution of the state variable. In two recent papers

Cocco and Bizzarri (2002) and Bizzarri and Cocco

(2003) have investigated the slip-weakening behavior

of the rate- and state-dependent constitutive law (Eq.

(1)) and have shown that these two length scale

parameters are different. They propose a scaling law

between D0 and L, which states that their ratio is

nearly 15 (in agreement with Okubo, 1989; Guatteri

and Spudich, 2000) and found analytical relations to

associate SW and R&S constitutive parameters. We

further discuss these results in the present study with

the perspective to provide a physical interpretation of

the breakdown processes.
3. Slip weakening and breakdown process in the

R&S formulation

We discuss in this section the evolution of the

dynamic traction during the breakdown process and

the consequent SW behavior. We start by summariz-

ing the results of previous work and we therefore
Table 1

Elastic moduli (Lamé constants)

P and S wave velocities

Effective normal stress

R&S constitutive parameters

Reference value for the friction coefficient

Initial values of the state variable within the

nucleation zone and outside

Fault discretization: spatial and temporal time steps
focus on the physical interpretation of the breakdown

process in the framework of R&S dependent laws.

Bizzarri et al. (2001) have clearly shown that rate- and

state-dependent friction laws can provide a quantita-

tive description of the rupture growth and dynamic

propagation. We show in Fig. 1 the results of a

numerical simulation performed with our 2-D finite

difference code for an in-plane rupture governed by

R&S friction adopting a slowness evolution law (Eq.

(1)) for a reference set of parameters listed in Table 1.

These calculations have been performed using values

typical of laboratory experiments: the medium sur-

rounding the crack is linear elastic, homogeneous,

Poissonian and the total fault length is equal to 20 m.

After initiation, the crack propagates symmetrically

with respect to x1 = 0. At the initial stage the fault is at

steady state, except in the nucleation region, which is

3 m wide. The nucleation strategy adopted for the

simulations is a time weakening controlled by the

state variable and it is described in Bizzarri et al.

(2001). Fig. 1 shows the spatio-temporal evolution of

slip (a) for a homogeneous fault where the spatial

discretization is Dx = 0.01 m, and Dt is fixed from the

Courant–Friedrichs–Levy ratio wCFL, defined as h
Dt/Dx. This figure is useful to depict the cohesive

zone, its dimension and duration during the crack

propagation. The dependence of total dynamic trac-

tion on slip velocity and slip is shown in (b) and (c),

respectively. The convergence and stability of numer-

ical simulations are discussed in detail in Bizzarri and

Cocco (2003). Fig. 1c illustrates that, adopting a R&S

friction law, the dynamic traction clearly shows the

characteristic slip-weakening behavior (in agreement

with Okubo, 1989; Dieterich and Kilgore, 1994

among various others). According to Cocco and

Bizzarri (2002) we call the slip required for traction

to drop as ‘‘equivalent’’ slip weakening distance D0
eq
k=G = 27 GPa

a= 5196 m/s, b= 3000 m/s

rn
eff = 100 MPa

a= 0.012, b= 0.016, L= 1�10� 5 m

l* = 0.56, V* = 1000 m/s

Uðx1; t ¼ 0Þ ¼
Unucl ¼ 1� 10�4 s; x1a½�1:5 m; 1:5 m�

UssðvinitÞ; elsewhere

8<
:

Dx= 0.01 m, wCFL=hDt/Dx
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which does not coincide with the characteristic length

scale parameter (L) of the R&S formulation (see also

Gu, 1984; Gu and Wong, 1991; Nakatani, 2001).

In Fig. 2, we compare the time histories of total

traction, slip, slip velocity and state variable, normal-

ized in amplitude and calculated for the same model

parameters used in Fig. 1 in the same fault position

(x1 = 3.0 m, i.e., outside the nucleation region). We

have subdivided the time window shown in Fig. 2 in

five distinct stages, which comprise the duration of the

whole breakdown process, and that are associated with

particular values of the slip velocity in Fig. 1b. Fig. 3

shows the 3-D plots of the relevant physical parame-

ters: (a) and (b) illustrate the total dynamic traction as a

function of state variable and slip or slip velocity,

respectively; (c) shows the state variable as a function
Fig. 2. Time histories of slip, slip velocity, state variable and total dynami

fault position. The amplitudes of each time history are normalized to its pea

for this simulation is 2.65 m/s (at 1.89� 10� 3 s), while peak value of trac

amplitude at 1.92� 10� 3 s is equal to 5.85� 107 Pa. The value of the equi

of the dynamic failure process illustrated in Fig. 1 are reproduced here

breakdown process are indicated and they are associated to the values of
of slip and slip velocity. These figures highlight

several important conclusions. First, the state variable

evolution drives the slip acceleration and the traction

drop during the weakening phase. This is evident in

Figs. 2 and 3c: the state variable evolves from its initial

to the new steady state value during phase II and the

beginning of phase III. The slip velocity reaches its

peak when the state variable has already reached the

final steady-state value (see Figs. 2 and 3b,c). The

traction increase during phase II is associated with this

evolution. We emphasize that the traction does not

reach its maximum simultaneously with to the peak of

the slip velocity. Slip weakening (phase III) begins

when the state variable is evolving in a very short time

and is half-way from the final value (Figs. 2 and 3a).

Moreover, the slip velocity evolution shows a clear
c traction for the simulation shown in Fig. 1 calculated at the same

k value to allow the comparison. The amplitude of peak slip velocity

tion is 7.62� 107 Pa occurring at 1.85� 10� 3 s. The residual stress

valent slip weakening distance is 1.6� 10� 4 m. The different stages

for comparison. The slip velocity values at particular stage of the

the other physical quantities.
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velocity hardening behavior (phase I and II, from A to

B in Fig. 1b) followed by a velocity weakening (B to C

in Fig. 1b, belonging to phase III). Therefore, we can

conclude that slip weakening and velocity weakening

occur simultaneously and they are both driven by the

state variable evolution (quite clear in Fig. 3). Once

slip velocity has reached its peak value (C in Fig. 1b),

the traction further decreases while slip decelerates (C

to D in Fig. 1b). The slip velocity evolution between

the points C and D still belongs to phase III (i.e., slip

weakening see Fig. 2). The fact that point C does not

coincide with D means that peak slip velocity occurs

before the stress is at the kinetic level and the slip is

equal to D0
eq.

Fig. 4 shows different slip weakening curves com-

puted with different values of the parameter L and

leaving unchanged all the other constitutive and initial

parameters. This figure shows that the equivalent slip

weakening distance is larger than the parameter L (see

Cocco and Bizzarri, 2002) and that the absorbed

fracture energy, as well as the resulting weakening

rate, depend on the value adopted for the parameter L.

Bizzarri and Cocco (2003) have proposed the follow-

ing analytical relations to associate SW parameters to

R&S constitutive and initial ones. Here we summarize

these equations starting by the analytical relation

between the two length-scale parameters:

D
eq
0 ¼ Lln

V0

Vinit

� �
i

ðsequ � seqf Þ
brn

L: ð4Þ

This equation shows that the proportionality factor

relating D0
eq and L depends on the initial velocity

(Vinit) and on the slip velocity (V0) reached when the

slip is equal to D0
eq (see Fig. 2). The latter is unknown

a priori. The last term in Eq. (4) expresses an

approximate relation where the proportionality factor

scales with the stress drop. This relation is valid only

for the slowness law (Eq. (1)), as it will be discussed

in the following. The dependence on L is well
Fig. 3. 3-D phase trajectories illustrating total dynamic traction as a

function of slip and state (a) or slip velocity and state (b). (c) shows

the state variable as a function of slip and slip velocity. The state

evolves from the initial steady state (L/Vinit) up to the final, new

steady state (L/V0). These calculations have been performed with the

same constitutive parameters and at the same fault position as in

previous figures. Letters B and D depict the same points as in

previous figures.



Fig. 4. SW curves calculated from different simulations having the same initial and constitutive parameters (the same used in previous figures

and listed in Table 1) except the characteristic length L, ranging between 5 and 11 Am. We only change the spatial discretization to resolve

appropriately the size and duration of the cohesive zone (Dx= 0.005 m). The shaded areas indicate the fracture energy, EG, for two distinct

configurations with the smallest and largest adopted L value. The equivalent slip weakening distance is 84 Am for L= 5 Am, 152 Am for L= 10

Am and 169 Am for L= 11 Am.
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represented by Eq. (4) but the dependence on a and b

is much more complex since both the yield stress and

the kinetic friction depend on the constitutive param-

eters. In fact, numerical simulations presented by

Bizzarri and Cocco (2003) have shown that the kinetic

friction depends on the difference (b� a) as:

seqf ¼ l* þ ðb� aÞln
V*
V0

� �� �
reff
n : ð5Þ

The yield stress is related to the constitutive param-

eters through values (unknown a priori) of slip velocity

(Vu) and state variable (Uu) reached when total traction

is at the peak value (see Fig. 2). For the slowness law

(Eq. (1)) the yield stress can be expressed as:

sequ ¼ l* þ aln
Vu

V*

� �
þ bln

UuV*
L

� �� �
reff
n ð6Þ

Eqs. (4), (5) and (6) allow the association of R&S

and SW constitutive parameters. They also summarize

the dependence of yield stress, kinetic friction and

equivalent slip weakening distance on the R&S con-

stitutive parameters. Fig. 4 clearly shows that both the

kinetic friction level and the yield stress do not depend

on the value adopted for the parameter L, which indeed
controls the equivalent slip weakening distance as

stated in Eq. (4). Consequently, the fracture energy

and the weakening rate depend on the parameter L.

Numerical simulations, performed with constitutive

parameters and fault parameterization at the laboratory

scale, yield fracture energy values ranging between

103 and 104 J/m2, in agreement with previous studies

(Okubo and Dieterich, 1984). Recent studies have

attempted to estimate the critical slip weakening dis-

tance from strong motion recordings (Ide and Takeo,

1997; Guatteri and Spudich, 2000) and suggested quite

large values up to 0.5 m. There are several concerns,

however, about the reliability of such large values of

the critical slip weakening distance. Guatteri and

Spudich (2000) pointed out that there is a limitation

to infer D0 from ground motion waveforms because of

the trade-off between critical slip and strength excess

(i.e., the difference between yield and initial stress

values). If the slip weakening law is assumed as the

constitutive relation and D0 is the characteristic length

scale parameter of the dynamic problem, then the

nucleation patch scales with D0. Cocco and Bizzarri

(2002) have emphasized that in this case, adopting

values of the critical slip weakening distance ranging

between 0.1 and 1 m, the nucleation patch dimension

would be a large fraction of the whole rupture area. On
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the contrary, in the framework of a rate and state

formulation, the nucleation patch scales with L and

not with D0
eq (if L were 1 mm the nucleation patch

would be less than 1 km, see also Lapusta and Rice,

2003). However, in order to use the results of numer-

ical simulations discussed here and to use the analyt-

ical relations proposed by Bizzarri and Cocco (2003)

we have to solve the problem of scaling these results

from the laboratory scale to the actual fault dimen-

sions. Cocco and Bizzarri (2002) suggest that, if this

scaling is allowed, according to laboratory experi-

ments (Marone and Kilgore, 1993; Mair and Marone,

1999) L can be as large as 1 cm and the proposed

scaling law would yieldD0 value close to 0.2 m. In this

case, the fracture energy ranges between 106 and 107 J/

m2. However, the scaling of constitutive parameters

from laboratory to actual fault dimensions is still under

debate and alternative explanations exist, as we will

discuss in the following.
4. The evolution law and the dynamic rupture

growth

In the previous section we have discussed the

results of several simulations performed for a 2-D

in-plane crack obeying to a rate- and state-dependent

law and using a slowness evolution equation as

defined in Eq. (1). We have demonstrated that SW

occurs within the breakdown zone and that the critical
Fig. 5. Comparison between the SW curves resulting from simulations perf

and (2)) with the same constitutive parameters. The shape of the SW curve

slowness law yields a nearly linear decay, the slip law yields a faster stre
slip weakening distance is larger than the characteris-

tic length scale parameter of the R&S formulation. We

have concluded that the state variable evolution con-

trols the weakening process and the consequent slip

acceleration. Therefore, it is likely to expect that the

analytical relation used for the evolution law can

affect the SW behavior and the absorbed fracture

energy. To test this finding, we have compared the

SW curves resulting from numerical simulations per-

formed by using the same constitutive and initial

parameters for a slowness and a slip evolution laws,

defined in Eqs. (1) and (2), respectively. Fig. 5 shows

this comparison: Our simulations clearly show that the

slip weakening curves resulting from these two evo-

lution laws are very different and that the equivalent

slip weakening distance for a slip law is much lower

than that obtained for a slowness law (Bizzarri and

Cocco, 2003). This result corroborates the idea that

the state variable controls the weakening process, and

it suggests that the analytical relation (Eq. (4)), which

was established for the slowness law, is not valid for

the slip law. The kinetic friction is the same because

the steady state friction value is the same for the two

laws and the yield stress does not substantially change

with the evolution law.

We have also shown in previous calculations that

the state variable evolution controls the time evolution

of slip and therefore it should control the healing of

slip. Several authors in fact suggested that the evolu-

tion law controls the healing mechanisms and the
ormed using a slowness and a slip evolution law (defined in Eqs. (1)

s and the associated critical slip distance are very different: while the

ss drop with variable weakening rate (s)̇.
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duration of dynamic slip. Our numerical results show

that the slip velocity peaks resulting for a slip law are

much larger than those simulated for a slowness

evolution law. This is consistent with the shorter

critical slip weakening distance that in turns results

in a faster fracture energy release (as evidenced by the
Fig. 6. Spatio-temporal evolution of slip velocity (a) for a crack obeying to

Table 1 and used in Figs. 1–3. Slip velocity amplitudes increase during cra

the bottom panel (b) (same fault position as in previous figures) reveals tha

and 2), the dynamic evolution follows the steady state friction (D to E). The

of slip velocity, while the green one depicts the radiation damping line (see

(G is the rigidity, b is the shear wave velocity and s0
b is the initial stress)
larger weakening rate) and a smaller cohesive zone

size. According to Perrin et al. (1995) and Zheng and

Rice (1998), we find that a slip or a slowness law does

not yield self-healing or short slip duration, but the

resulting solutions are always consistent with a crack-

like rupture mode. In particular, Perrin et al. (1995)
the slowness evolution law for the same set of parameters as listed in

ck propagation but no healing appears. The phase diagram shown in

t when the weakening phase is terminated (point D, see also Figs. 1

red curve in panel (b) indicates the steady state traction as a function

Zheng and Rice, 1998) defined by the equation included in the figure

.
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showed that no steady traveling pulse can occur if the

constitutive law does not allow for restrengthening in

truly stationary contact (V= 0). Here we generalize the

definition of self-healing pulses, also considering slip

velocity time histories for which the residual velocity

is very small although not necessarily zero after arrest.

We have to remark that in a homogeneous fault self-

healing pulses can be generated either by modifying

the fault constitutive law or by imposing an impulsive

mode during rupture initiation, which is self-main-

tained during the dynamic rupture propagation (see

Nielsen and Madariaga, in press). We did not consider

in this study the effect of stress and/or strength

heterogeneity nor the effect of rupture propagation

along a material interface. Our nucleation strategy

does not prescribe the slip velocity pulse, because it

is modeled as a time weakening controlled by the state

variable (see Bizzarri et al., 2001 for further details).

Fig. 6 shows the slip velocity dependence on time and

space and the associated phase diagram: slip velocity

does not return to zero and rupture healing does not

occur. We remark again that while the slowness or slip

evolution laws quantitatively describe the rupture

initiation and propagation (see Lapusta and Rice,

2003) as well as the long-term restrengthening (see

Rice, 1993; Boatwright and Cocco, 1996), they can-

not generate a self-healing rupture propagation mode.

Fig. 6 also shows that after the slip has reached its

critical value for weakening (point D in the figure) the

subsequent evolution follows the steady state friction

(from D to E). We therefore confirm the results of

Perrin et al. (1995) that a slowness and a slip law are

unable to generate self-healing pulses.
5. The direct effect of friction

Beeler and Tullis (1996) have proposed two distinct

strength functions that can yield fast restrengthening

and self-healing following the Heaton (1990) sugges-

tion that negative slip rate dependence can yield

healing of slip. The first function is based on a

sequential function characterized by a linear depen-

dence on slip followed by a dependence on slip rate.

Our simulations allow us to exclude this class of

strength functions because we have shown that slip-

and velocity-weakening occur simultaneously and not

sequentially. The second function proposed by Beeler
and Tullis (1996) is based on the rate- and state-

dependent formulation, quite similar to that described

by Eq. (1). They proposed a governing equation where

the dependence on slip rate is eliminated by assuming

a constant term for the direct effect of friction, which is

included in the reference friction value (skf):

s ¼ skf þ brnlnH

dH
dt

¼ 1

L
½ðV þ VBTÞ � HV �

where VBT is an arbitrary slip velocity value. In this

formulation, the state variable is adimensional. Fol-

lowing Beeler and Tullis (1996), we investigate in this

study the role played by the direct effect of friction and

the friction behavior at high slip rates by using a

slowness evolution law as defined in Eq. (1). Fig.

7 shows the time histories of slip, slip velocity,

dynamic traction and state variable (a) and the spa-

tio-temporal evolution of slip velocity (b) for two

simulations having different values of the parameter

a (0.009 and 0.0115, respectively) and leaving all the

other parameters unchanged. This figure shows that

the peak slip velocity increases when a decreases and

the crack propagation is faster (in this case, the

simulation with the smaller a even shows a crack

bifurcation and a jump in rupture velocity). The

traction drop is faster when the direct effect of friction

is reduced (small a). This result is physically reason-

able and both simulations show a crack-like rupture

propagation mode. We point out that we were unable

to generate self-healing using a slowness constitutive

law also reducing the contribution of the direct effect

of friction by changing the value adopted for the

parameter a. We have also studied the effect of

different velocity cutoff in the governing equation at

high slip rates, depicted for the steady state friction in

panel (a) of Fig. 8. We consider a governing equation,

Eq. (1), in which friction depends on slip rate when

VbVcut, while for VHVcut the direct term is frozen

and taken constant [a ln([V*/Vcut] + 1)]. In this case,

friction still depends on slip velocity through the

evolution equation and the state variable. We show

in Fig. 8 the results of two simulations performed with

two different values of the slip velocity cutoff (Vcut).

The former calculations (shown in the left panels in

Fig. 8) have a cutoff very close to the initial velocity

(therefore, the direct effect of friction is constant and



Fig. 7. Normalized time histories of relevant physical quantities (a) and spatio-temporal evolution of slip velocity (b) for two simulations

performed with different values of the parameter a (all the other parameters are those listed in Table 1) controlling the direct effect of friction in

the governing equation. A slowness evolution law is used for these calculations. Smaller values of the parameter a yield higher rupture velocities

(the rupture front bifurcation occurs only in the simulation with the smaller value).
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independent of slip rate during most of the simulation).

The latter (right panels in Fig. 8) have a higher slip rate

cutoff, so that the direct effect of friction is frozen only

when V>10� 2 m/s. This figure shows that the direct

effect of friction modifies the phase diagram reducing

the velocity-hardening phase. In this case, the peak slip

velocity occurs at the end of the weakening phase,

when traction reaches the kinetic stress level and slip is

equal to the critical distance (points C and D are now

nearly coincident). When the velocity dependence of

the direct effect of friction is eliminated, the phase

diagrams display a nearly linear decay. On the con-
trary, if the slip rate controls the direct effect, the phase

diagram is more elliptic and the velocity-hardening

phase is more pronounced. We conclude however that

in both cases we are unable to simulate self-healing

pulse mode with a slowness evolution law.

It is important to point out that modifying the

friction behavior at high slip rates affects the weak-

ening processes within the cohesive zone. We show in

Fig. 9 the slip weakening curves resulting from the

simulations performed with different velocity cutoff

and we compare them with the reference model shown

in Fig. 1. This figure emphasizes that the direct effect
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Fig. 9. SW curves calculated from several simulations performed using a slowness law and different values of the slip rate cutoff (Vcut). The SW

curve shown in Fig. 1 is included for comparison, as the reference model.
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of friction and the friction behavior at high slip rates

largely control the kinetic stress level and the yield

stress, while the equivalent slip weakening distance

and the weakening rate are only slightly modified.
6. The evolution law and the healing mechanisms

We have discussed in the previous sections how the

evolution law controls the dynamic rupture growth and

the slip weakening behavior within the cohesive zone.

We have also remarked that different modifications of

the evolution law have been proposed to generate a

self-healing or impulsive slip propagation mode. These

attempts confirm our finding that the evolution law,

peculiar of the rate and state formulation, plays a
Fig. 8. Top panel (a) illustrates the adopted modification of friction beha

assume that in the governing equation the direct effect of friction is constan

(b) and (c) show the time histories of relevant physical quantities and the ph

using a slowness evolution law (1) with different values of Vcut (all the oth

which is only twice the initial velocity (the direct effect of friction is alway

the right panels show the time histories and the phase diagram for a quite
dominant role in controlling the breakdown process

and the temporal and spatial evolution of dynamic

traction and slip velocity. The motivation to modify

the evolution law for modeling short slip duration or

self-healing consists in the impossibility to have such

behaviors using slowness or slip constitutive laws

(defined in Eqs. (1) and (2)).

In this section, we present and discuss several

simulations performed by using two other constitutive

laws, which have been modified to have a fast

restrengthening leading to the healing of slip. We start

with the constitutive law proposed by Perrin et al.

(1995) who suggested to modify the rate- and state-

dependent laws used above to allow rapid restrength-

ening in truly stationary contact. These authors cor-

rectly emphasized that not all constitutive models allow
vior as a function of slip velocity for the steady-state traction. We

t and independent of slip velocity for V>Vcut, as explained in the text.

ase diagrams, respectively, calculated for two simulations performed

er parameters are those listed in Table 1). Left panels refer to a value

s independent of slip velocity during most of the simulation); while

larger velocity cutoff.
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for steady traveling wave pulses, and concluded that for

the slowness and slip constitutive laws used above

steady pulse solutions do not exist. We believe that the

observational constraints for steady pulse or constant

rise time during real earthquakes are quite weak. In this

study, we attempt to model short rise times (that is, a

slip duration much shorter than rupture duration which

is independent of fault position) that are not expected

with a crack-like rupture propagation mode. Perrin et

al. (1995) proposed the following constitutive law:

s ¼ l* þ aln
V þ VP

V þ V*

� ��

þ bln
HðV* � VPÞ

L
þ 1

� ��reff
n ;

dH
dt

¼ 1� HðV þ VPÞ
L

ð7Þ

where the velocity VP represents a low velocity cutoff

with no weakening at slip rates VbVP (see also Zheng

and Rice, 1998). This version of the slowness evolution

law allows for truly stationary contact (V= 0) and gives

an upper limit to a contact time HV L/VP. Perrin et al.

(1995) have shown that, using the constitutive law

defined in Eq. (7), the spontaneous rupture propagation

will occur either in the self-healing slip pulse mode
Fig. 10. Spatio-temporal evolution of slip velocity from a simulation perfo

stated in Eq. (7). The nucleation patch is shown by the larger initial slip rat

and the low velocity cutoff VP in Eq. (7) is 10� 2 m/s. The solution shows h

patch undergoes to an aseismic slip episode during the considered time w
(although not generally a steady pulse) or in the

classical enlarging crack-like mode depending on the

values of the adopted constitutive parameters.We show

in Fig. 10 the spatio-temporal evolution of slip velocity

simulated using our 2-D algorithm, the constitutive law

defined in Eq. (7), and the set of constitutive parameters

listed in Table 1 with V* equal to 10 m/s and VP equal to

10� 2 m/s. This figure emphasizes that slip velocity

becomes very small and healing of slip clearly occurs.

Slip duration is short and it is not associated to a steady

pulse traveling along the fault. Fig. 11 shows the time

histories of state variable, slip, slip velocity and total

dynamic traction and it points out again that the state

variable drives the evolution of dynamic traction and

the slip acceleration. The time window used in Fig. 11

is too short to show the total duration of slip, but this is

required to compare the different time histories. How-

ever, the comparison between the time histories shown

in this figure with those shown in Figs. 2 and 7 reveals

the rapid increase of dynamic traction immediately

after the end of the weakening phase, which is due to

the fast restrengthening causing the healing of slip. This

is even more evident in Fig. 12 where we have plotted

the slip weakening curve and the phase diagram result-

ing from the constitutive law defined in Eq. (7). The

dynamic traction shows an evident slip-hardening
rmed using the constitutive law proposed by Perrin et al. (1995) and

e. The reference slip velocity V* in this simulation is equal to 10 m/s

ealing of slip. The rapid restrengthening is so fast that the nucleation

indow.



Fig. 11. Normalized time histories of slip, slip velocity, state variable and total dynamic traction calculated with the constitutive law described in

Eq. (7).

M. Cocco et al. / Tectonophysics 378 (2004) 241–262 255
phase preceding the slip weakening (which is in general

more pronounced than that obtained with the constitu-

tive models previously discussed) and the kinetic

friction level is maintained only for a short time

because the rapid restrengthening causes the dynamic

traction increase. The phase diagram is also peculiar

since the dynamic system, after an evident velocity
Fig. 12. SW curve and phase diagram resulting from the simulation perfo

shows the steady state friction as a function of slip velocity. The straight do

6 for comparison).
hardening and weakening phases, does not follow the

steady state friction, whichmeans that the state variable

is not constant or at the steady state. The rapid

restrengthening is so fast that during the time window

of the dynamic propagation the rupture re-nucleates, or

re-accelerates if the arrest is not actually completed (see

Fig. 10).
rmed with the constitutive law described in Eq. (7). The red curve

t-dashed (grey) line represents the radiation damping curve (see Fig.
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The constitutive law (Eq. (7)), proposed by Perrin

et al. (1995), includes a modification of the slowness

constitutive relation (Eq. (1)) motivated by the phys-

ical requirement to allow stationary contact. Many

different modifications of the rate and state constitu-

tive laws have been proposed in the literature to

attempt to explain self-healing or other dynamic

processes, but only few of them are based on physical

requirements. Nielsen and Carlson (2000) proposed a

state-dependent friction law that incorporates rate

weakening and a characteristic time for healing. In

this study, we have used a constitutive law where the
Fig. 13. (a) Spatio-temporal evolution of slip velocity calculated for a simu

characteristic values for tfh equal to 3.9� 10� 3 s. The top panels show the

line and of space (c) calculated at different time steps (in seconds).
governing equation is the same as the one used in Eq.

(1) but the evolution law is that proposed by Nielsen

et al. (2000) and Nielsen and Carlson (2000). This

constitutive model has the form:

s ¼ l* � aln
V*
V

þ 1

� �
þ bln

UV*
L

þ 1

� �� �
reff
n

d

dt
U ¼ c � U

tfh
� UV

L ð8Þ

8>><
>>:
where c has the dimensions of seconds and is taken

equal to 1 and tfh is the characteristic time for healing.
lation performed using the constitutive law described in Eq. (8) and a

slip velocity as a function of time (b) at different points on the fault
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The constitutive model described in Eq. (8) is different

from that used by Nielsen and Carlson (2000) because

we used a lab-derived governing equation in which we
Fig. 14. Comparison between the 3-D phase trajectories resulting from the s

(top panel -a-) and Eq. (8) (bottom panel -b-) and showing total dynamic

behavior resulting from these two distinct constitutive laws is very simila
assign appropriate values to the parameters a and b.

Moreover, we performed simulations with a dimen-

sional data set that we will discuss in the following.
imulations performed with the constitutive laws described in Eq. (7)

traction as a function of slip and slip velocity. The slip-weakening

r, while the inferred values of slip velocity are quite different.
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We have performed several simulations using the

constitutive model (8) with the same set of parameters

used in previous figures (listed in Table 1) and

changing the value of the characteristic time tfh. Our
Fig. 15. Comparison between the slip profiles, obtained by the superposi

resulting from simulations performed with a slowness evolution law (top p

and Eq. (7) bottom panel.
simulations show that if the characteristic time is

appropriately chosen, the solutions show a slip-pulse

propagation mode with a nearly constant rise time.

Values of the characteristic time larger than 0.1 s yield
tion of snapshots at different time steps of slip along the fault line,

anel) and with the evolution laws described in Eq. (8), middle panel,
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temporal evolution of slip velocity and dynamic

traction very similar to the reference model shown

in Figs. 1 and 2. The healing of slip occurs when tfh
becomes smaller than 5� 10� 3 s. Fig. 13 shows the

results of a simulation performed using the values of

parameters listed in Table 1 and a value of the

characteristic time for healing (tfh) of 3.9� 10� 3 s:

slip velocity behavior shows a nearly constant dura-

tion and its peak increases as the crack advances. Fig.

14 shows a 3-D plot with the traction dependence on

slip and slip velocity. This figure shows a phase

diagram quite similar to those previously discussed

and a rapid increase of dynamic traction (restrength-

ening) immediately following the slip weakening

phase that generates the healing of slip. Fig. 14 shows

a comparison between the 3-D phase trajectories

resulting from the constitutive models (7) and (8)

[a and b, respectively], which are very similar. The

results of our simulations are summarized in Fig. 15

where we plot the superposition of slip profiles

calculated at different times for three different consti-

tutive models. The top panel shows the slip behavior

resulting from the classical slowness law defined in

Eq. (1) and it reveals that no healing occurs and the

rupture propagates in the enlarging crack-like mode.

The other two panels show the slip behavior resulting

from the Nielsen and Carlson (2000) and the Perrin et

al. (1995) constitutive models defined in Eqs. (8) and

(7), respectively. These models show short slip dura-

tions resembling a self-healing propagation mode.

These results confirm that appropriate modifica-

tions of the evolution law can lead to self-healing slip

propagation mode, but this requires the introduction

of other characteristic parameters [a velocity cutoff in

Eq. (7), or a characteristic time in Eq. (8)] that must be

chosen without objective constraints. This implies that

healing occurs with these constitutive laws only for

particular set of the initial and constitutive parameters.
7. Discussions and conclusive remarks

In this paper, we aim to provide a physical inter-

pretation of the breakdown process in order to explain

the weakening mechanisms responsible for crack

propagation and healing of slip. We model a 2-D in-

plane rupture propagation along a homogenous fault

line and we adopt rate- and state-dependent constitu-
tive laws. We have demonstrated that this constitutive

model allows the quantitative simulation of the rup-

ture initiation and propagation and involves slip

weakening within the cohesive zone. The critical

distance of slip weakening is not the characteristic

length scale parameter of the dynamic problem: In

fact, in this formulation the parameter L for state

evolution (renewal of the population of asperity con-

tacts) is the characteristic length scale parameter. In

agreement with Cocco and Bizzarri (2002), we find

that these two parameters are different. We conclude

that slip weakening is a characteristic feature of the

dynamic failure episode characterizing the breakdown

process, but the traction drop with increasing slip is

controlled by the physical processes governing the

constitutive behavior. Bizzarri and Cocco (2003) have

demonstrated that the state variable evolution controls

the slip-weakening behavior. We have extended this

analysis to demonstrate that in the framework of rate

and state constitutive laws the evolution equation of

state variable governs both the weakening mecha-

nisms and the healing of slip. We have compared

different evolution laws and we conclude that slow-

ness and slip constitutive models appropriately de-

scribe the rupture initiation and propagation but are

unable to generate slip velocity pulses or short rise

time, since the rupture grows as an enlarging crack-

like mode. Therefore, the choice of the evolution law

is crucial to represent the weakening and healing

mechanisms in a homogeneous fault. We emphasize

again that the slip weakening occurring within the

cohesive zone is driven by the state variable evolu-

tion, which governs slip acceleration and deceleration

(weakening and healing).

In order to perform the simulations discussed in

this study and to interpret the state variable evolution

it is necessary to have an optimal resolution of the

cohesive zone. This implies that, even if the conver-

gence and stability criteria are satisfied and solutions

are found in a continuum model of fault dynamics, it

is necessary to choose accurately the spatial and

temporal discretization to follow and image the fast

state variable evolution (see Bizzarri and Cocco,

2003, for further details and numerical tests). This

observation explains the intrinsic limitation in con-

straining constitutive parameters and slip velocity

evolution by modeling radiated seismic waves (see

also Guatteri and Spudich, 2000), which would re-
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quire the modeling of high frequency waveforms.

Because the zone of very rapid state evolution (con-

trolling stress and slip velocity behaviors at the crack

tip) scales with L, estimating the value of this length

scale parameter is crucial to define the resolution and

to identify the dimensions of nucleation patch and

cohesive zone. If for instance we use L= 2 mm, which

is large for numerical calculations but within the range

of values estimated in laboratory experiments (see

Mair and Marone, 1999), the nucleation patch is

slightly less than 1 km but the cohesive zone is much

smaller of the order of several tens of meters (c 60

m). This quantifies the fact that the spatial scales of

our problems are very different. For these reasons, it is

computationally expensive to perform 3-D simula-

tions of a spontaneous rupture growth where the state

variable is free to evolve according to the adopted

constitutive model. Therefore, for these purposes, the

adoption of a slip-weakening model is much more

practical, because it allows us to prescribe the traction

evolution within the cohesive zone, to constrain the

fracture energy and to simulate radiated ground

motions. As pointed out by Bizzarri and Cocco

(2003), the dependence of SW parameters (see Eqs.

(4)–(6)) on slip velocity values, which are unknown a

priori, makes the simulation of spontaneous rupture

propagation with rate and state constitutive models

less feasible.

We have demonstrated in this study that, in the

framework of a rate and state formulation, appropriate

modifications of the evolution law allow us to simu-

late spontaneous ruptures propagating as a slip veloc-

ity pulse with short rise times, thus including self-

healing. These constitutive models are characterized

by a rapid restrengthening occurring immediately after

the end of the weakening stage. However, these

constitutive laws have never been tested to simulate

the whole seismic cycle or the quasi-static earthquake

nucleation. Therefore, we point out that the modeling

of self-healing rupture mode, which implies a fast

restrengthening, might not be appropriate to simulate

the fault behavior during the interseismic period or the

quasi-static nucleation. This raises the question on the

reliability of these analytical modifications of lab-

derived constitutive laws to explain short slip dura-

tions, even when motivated by physical arguments.

Certainly, the ambitious perspective of dynamic mod-

eling investigations is the simulation of fault behavior
during the entire seismic cycle. This requires us to

describe the earthquake nucleation, the dynamic rup-

ture propagation and arrest during individual earth-

quakes (accurately describing the breakdown pro-

cesses and the healing of slip) and the long-term

restrengthening during the interseismic period, which

yields to repeated dynamic failure episodes on the

same fault. To this goal, it is important to look for a

unified constitutive law describing most of these

features. We have demonstrated that a rate and state

formulation is able to provide a reliable physical

description of individual earthquake ruptures, and

we have discussed in this paper some of these

features, but it also allows the modeling of repeated

dynamic failure episodes. However, it has to be kept

in mind that different competing natural mechanisms

contribute to the understanding of earthquake me-

chanics. Physical models are very useful to separate

their effects. By adopting the rate- and state-depen-

dent laws, we try to incorporate the dependence of the

friction coefficient on time as well as on the properties

and roughness of the fault surface. However, other

factors such as thermal pressurization and pore fluid

lubrication (see Brodsky and Kanamori, 2001;

Andrews, 2002) can affect the effective normal stress,

thus modifying the friction law (s = lrn
eff). Moreover,

heterogeneities of constitutive parameters and com-

plexities of fault geometry and earth structure should

be considered in our modeling attempts. Short slip

durations can be easily explained in terms of stress or

strength heterogeneities (see Beroza and Mikumo,

1996; Bizzarri et al., 2001 among different others)

or rupture propagation between dissimilar materials

(Andrews and Ben-Zion, 1997; Cochard and Rice,

2000). These phenomena might explain short slip

durations without modifying the constitutive law.

Lapusta and Rice (2003) propose a similar reasoning

to explain the earthquake nucleation and the early

seismic propagation as well as the scaling of nucle-

ation patch dimension with the size of the impending

earthquake. Although appropriate modification of the

evolution law allows the modeling of self-healing

ruptures and the propagation of slip velocity pulses,

we believe that heterogeneities of constitutive param-

eters and fault complexities can explain short slip

durations without modifying the constitutive model.

Despite the existing limitations to assemble and to

describe all the competing processes affecting earth-
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quake mechanics, efforts to propose a unified consti-

tutive law are very important to achieve a reliable

physical description of the dynamic rupture growth.

We believe that rate and state formulation is a suitable

tool to this purpose, although further investigations

and laboratory experiments are needed to explain the

friction behavior at high slip rates or to include the

effects of normal stress variations in the constitutive

model (see Linker and Dieterich, 1992). The goal of

our study is well below these tasks. We aim to identify

and model those mechanisms occurring in the cohe-

sive zone, which are controlled by the constitutive

law. According to our results, we can interpret the

breakdown process in terms of the roughness and the

properties of the contact surface, which evolves dur-

ing sliding. Thus, in this context, we extend the

physical interpretation of the state variable evolution,

proposed to describe the nucleation and the long-term

restrengthening, to interpret the dynamic failure epi-

sode during the crack propagation (i.e., the breakdown

process). The important conclusion of our study is that

slip weakening should not be considered as an alter-

native description of the breakdown process. We

propose that the state variable evolution controls slip

weakening, because in the framework of a rate and

state constitutive formulation it governs the weaken-

ing mechanisms and the slip acceleration. We have to

remind here, however, that complementary interpre-

tations of the state variable and its evolution law exist:

Segall and Rice (1995) and Sleep (1997) proposed to

relate the state variable to the porosity within the fault

zone, thus accounting for the effects of dilatancy and

pore compaction. Therefore, while we have shown

that the evolution law governs the breakdown process,

the physical interpretation of the state variable is not

uniquely defined, because it depends on different

competing mechanisms.
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